We study a pair of C * -algebras (A, B) by associating a * -homomorphism from A to B allowing an approximate left-inverse to the sequence algebra of A in a manner reminiscent of several tracial approximation properties. We are particularly interested how regularity properties in the Elliott classification program pass from B to A. Among them, we show that the strict comparison property and Z-stability pass from B to A in our setting.
Introduction
The aim of this paper is to introduce a conceptual framework for a pair of C *algebras A and B by associating a * -homomorphism from A to B which is said to be tracially sequentially-split by order zero map, and show how properties of B pass to those of A. This concept is a tracial analog of the sequentially-split * -homomorphism between C * -algebras by Barlak and Szabó [3] and behaves well with respect to a tracial version of Z-absorption, which has received a great attention in the Elliott classification program, and the strict comparison property as well.
To formulate our concept we follow a flow of developments related to a Rokhlin-type property of a finite group action; M. Izumi introduced the strict Rokhlin property of a finite group action on C * -algebras in [10] , and N.C. Phillips defined a tracial version of it in a way reminiscent of H. Lin's tracial topological rank in [20] . Both notions require the existence of projections, and thus are limited to a small class of C *algebras. Further tracial-type generalizations in which the projections are replaced by positive elements have appeared since then. Among them, we pay attention to the generalized tracial Rokhlin property of a finite group action by Hirshberg and Orovitz [9] . It is said that a * -homomorphism φ : A → B is sequentially split if there is a *homomorphism ψ : B → A ∞ such that ψ(φ(a)) = a for all a ∈ A, which corresponds to the strict Rokhlin property in our view. We modify this definition by dropping the requirement for ψ to be * -homomorphism and the exact relation ψ(φ(a)) = a and instead say that φ is tracially sequentially-split by order zero map when ψ is allowed to be order zero map and for ψ(φ(a)) − a to be arbitrarily small in the sense of Cuntz comparison. We could insist ψ to be a * -homomorphism and in this case we say that φ : A → B is tracially sequentially-split which indeed corresponds to a tracial Rokhlin property of Phillips. We also note that parallel to the developments of group action on C * -algebras Rokhlin-type properties of an inclusion of unital C *algebras with a finite Watatani index has been studied by H. Osaka, K. Kodaka, and T. Teruya [18] , H. Osaka and T. Teruya [19] , recently by us in [12] . It is interesting to see that in both contexts the generalized tracial Rokhlin property gives rise to a * -homomorphism which is tracially sequentially-split by order zero map (see below ), and thus to understand how such a property works in seemingly irrelevant areas.
There has been approaches to find a nice and large subalgebra of the crossed product C * -algebra from which we can deduce properties of the crossed product C * -algebra especially related to single automorphism case or a Z-action [2, 21] . However, a compact group action with certain Rokhlin-type property recasts the relation between the original algebra and the crossed product C * -algebra into a setting that there is a * -homomorphism from the crossed product algebra to a larger algebra which turns out to be isomorphic to a stabilization of the original algebra. In view of this, we pursue the opposite way to consider a set up from a smaller algebra to a larger algebra and observe when a property in our interest passes from a larger algebra to a smaller algebra. Together with the case of an inclusion of C * -algebras P ⊂ A we consider a situation that a * -homomorphism from P to A is given and it possesses a tracial approximate inverse as an order zero map. Since our abstraction using order zero map is highly motivated to investigate a tracial version of the known property, we hope our framework to behave nicely along with other tracial versions of approximation properties employing the positive elements.
Cuntz subequivalence and Order zero map
In this section we recall the definitions of Cuntz subequivalence between positive elements and of order zero maps and collect some known facts and technical lemmas we repeatedly use later.
Let A be a C * -algebra. We write A + for the set of positive elements of A. 
We collect some facts in the following; we remark that a b holds in the smallest of A, M n (A) which contains both a and b.
Lemma 2.2. Let
A be a C * -algebra.
(1) Let a, b ∈ A + . Suppose a ∈ bAb. Then a b.
(2) Let a, b ∈ A + be orthogonal (that is, ab = 0 written a ⊥ b). Then a+b ∼ a⊕b.
(3) Let c ∈ A. Then cc * ∼ c * c.
(4) Let a, b ∈ A + . Then the following are equivalent.
Proof. Most of them can be found in Section 2 of [11] and the last one is proved in [ 
From now on we abbreviate a completely positive map of order zero as an order zero map. The following theorem is about the structure of an order zero map. 
The following theorem is important which enables us to lift an order zero map.
Theorem 2.6. [28, Corollary 3.1] Let A and B be C * -algebras, and φ : A → B an order zero map. Then the map given by ̺ φ (id (0,1] ⊗a) := φ(a) induces a * -
These mutual assignment yield a canonical correspondence between the spaces of c.p.c order zero maps and the space of * -homomorphism from C 0 ((0, 1]) ⊗ A to B.
Lemma 2.7. Let A be a simple C * -algebra and φ : A → B be an order zero map. Then φ is injective.
Proof. Write φ(·) = hπ φ (·) as in Theorem 2.5. Consider a ∈ A and b ∈ Ker φ. Then
Thus Ker φ is a closed ideal and it must be 0 since A is simple.
Tracially sequentially-split homomorphism between C * -algebras and Z-stability
For A a C * -algebra, we set c 0 (N, A) = {(a n ) | lim n→∞ a n = 0} l ∞ (N, A) = {(a n ) | { a n } bounded} Then we denote by A ∞ = l ∞ (N, A)/c 0 (N, A) the sequence algebra of A with the norm of a given by lim sup n a n , where (a n ) n is a representing sequence of a. We can embed A into A ∞ as a constant sequence, and we denote the central sequence algebra of A by
For an automorphism of α, we also denote by α ∞ the induced automorphism on A ∞ . 
Although the diagram below is not commutative, we still use it to symbolize that φ is tracially sequentially-split by order zero map with its tracial approximate left inverse ψ;
(1) When both A and B are unital, and φ is unit preserving, then g = ψ(1 B ). Moreover, if g = 1 A∞ , then φ is called a (strictly) sequentially split * -homomorphism where the second condition is automatic [3, Page 11].
(2) When g becomes a projection, then ψ is a * -homomorphism. In this case, φ is called a tracially sequentially-split map with the second condition that 1 − g is Murray-von Neumann equivalent to a projection in zA ∞ z.
Proposition 3.3. Let A be an inifinite dimensional simple unital C * -algebra and B be a unital C * -algebra. Suppose that φ : A → B is tracially sequentially-split by order zero map and unit preserving. Then its amplification φ ⊗ id n : A ⊗ M n → B ⊗ M n is tracially sequentially-split by order zero map for any n ∈ N.
Note that there exists one i 0 such that z i 0 i 0 = 0. Without loss of generality we assume i 0 = 1. Then
But for z 11 there exist c 1 , c 2 , . . . , c n ∈ A + ∞ \ {0} such that c i c j = 0, c i ∼ c j for i = j, and such that c 1 + · · · + c n z 11 by Lemma 2.3. Now consider an order zero map ψ such that (i) ψ(φ(a)) = aφ (1),
Thus we showed that φ ⊗ id n has a tracially approximate inverse ψ ⊗ id n which is also an order zero map. Proof. Let I be a non-zero two sided closed ideal of A and take a nonzero positive element x in I. Then there are elements b i 's and
we consider a tracially approximate inverse ψ : B → A ∞ and a positive element g ∈ A ∞ ∩ A ′ such that ψ(φ(a)) = ag for a ∈ A and 1 − g x. Note that
On the other hand, for any ǫ > 0 there is an element r ∈ A ∞ such that rxr * − (1 − g) < ǫ. Therefore we have
Thus for large enough n,
This means that 1 A ∈ I, thus A = I. Next, suppose B is simple and stably finite. By Proposition 3.3, it is enough to show that if B is finite and simple, then A is finite. Let v be an isometry in A. Then
By applying ψ to both sides, we get
However, the map from A to A ∞ defined by x → xg is injective since A is simple. It follows that 1 − vv * = 0, so we are done.
Definition 3.5 (Hirshberg and Orovitz). We say that a unital C * -algebra A is tracially Z-absorbing if A ≇ C and for any finite set F ⊂ A, ǫ > 0, and nonzero positive element a ∈ A and n ∈ N there is an order zero contraction φ : M n → A such that the following hold:
for any normalized element x ∈ M n and any y ∈ F we have [φ(x), a] < ǫ.
Recall that the Jiang-Su algebra Z is a simple separable nuclear and infinitedimensional C * -algebra with a unique trace and the same Elliott invariant with C.
Theorem 3.6. Let A be a simple unital infinite dimensional C * -algebra and B unital C * -algebra. Suppose that φ : A → B is a unital * -homomorphism which is tacially sequentially-split by order zero map. If B is tracially Z-absorbing, then so is A. Thus, if B is Z-absorbing, then A is also Z-absorbing provided that A is nuclear.
Proof. Let F be a finite set of A, ǫ > 0, n ∈ N, z be a non-zero positive element in A. There are mutually orthogonal positive nonzero elements z 1 , z 2 in zAz such that
For z 2 take a tracial approximate inverse ψ :
Therefore (3) [ ψ(x), a] < ǫ.
However, for us the weaker property, namely semiprojectivity is more
Then there is m such that the following diagram commutes;
Thus when we write ψ(x) = ( ψ n (x)) + c 0 (N, A), we may assume each ψ n is an order zero map from M n (C) to A for n > m and write h = [(h n ) n ] where ψ n (1) = h n . To prove 1 − ψ n (1) z, we want to show that for arbitrary ǫ > 0 there exist δ > 0 and r ∈ A such that
Note that (2) implies that there exist δ > 0 and s ∈ A ∞ such that
Write s = [(s n ) n ]. Then from (4) π m (((1 − h n − ǫ) + ) n ) = π m ((s n (z − δ) + s * n ) n ). It follows that for n > m (1 − h n − ǫ) + = s n (z − δ) + s * n . In addition, from (3) [ ψ n (x), a] < 2ǫ for all normalized x ∈ M n and a ∈ F for large enough n(> m). Hence we showed the existence of an order zero map from M n to A satisfying the conditions in Definition 3.5. The last statement follows from [9, Theorem 4.1] whose proof is essentially a part of [17] .
We need a simple observation for the following result. Proof. Recall that f ǫ (t) = max{t − ǫ, 0} and that (a − ǫ) + is equal to f ǫ (a). In view of Lemma 2.2 we want to show that (a − ǫ) + b for every ǫ > 0.
Note
. We may assume that σ(b) ∩ (0, δ) = ∅. Then we can take c ∈ A such that (b − δ) + ⊥ c and take a tracially approximate inverse ψ such that
Thus
Consequently, (a − ǫ) + b in A, so we are done. Proof. Since φ is tracially sequentially-split by order zero map, for each n there exist a nonzero positive element g n ∈ A ∞ ∩ A ′ and an order zero map ψ n : B → A ∞ such that τ (1 − g n ) < 1/n for every τ ∈ T (A ∞ ) and ψ n (φ(a)) = ag n for all a ∈ A. Then we claim that T (φ) : T (B) → T (A) is surjective. Let τ be a trace in A and τ ∞ be the induced trace on A ∞ . By [28, Corollary 4.4 ] τ ∞ • ψ n are traces on B for each n. Then we consider the weak- * limit of τ ∞ • ψ n in T (B) denoted by w * − lim(τ ∞ • ψ n ). Then for a ∈ A
= τ (a).
Now given two positive elements a, b in
Since B satisfies the strict comparison property, it follows that φ(a) φ(b). Then by Proposition 3.7 a b in A, so we are done. [9] ) Let G be a finite group and A be a separable unital C * -algebra. We say that α : G A has the generalized tracial Rokhlin property if for every finite set F ⊂ A, every ǫ > 0, any nonzero positive element x ∈ A there exist normalized positive contractions {e g } g∈G such that (1) e g ⊥ e h when g = h,
Examples and Some results
Then the following might be well-known, but we were not able to locate the reference so that we include a proof here. We need a couple of lemmas. 
Lemma 4.4. Let A be a unital C * -algebra. For any ǫ > 0 and any integer n > 0 there exists δ(ǫ, n) > 0 satisfying the following: for positive contractions a 1 , . . . , a n such that a i a j < δ when i = j there exist positive contractions b 1 , . . . , b n such that b i b j = 0 when i = j and a i − b i < ǫ for i = 1, . . . , n.
Proof. We illustrate how to do n = 3 case. For general n, the strategy is same. We denote the following function on the unit interval by g ǫ (t)
Note that 1 − g ǫ has the support [0, ǫ]. Given ǫ/12 take δ for g ǫ 6 , g ǫ 3 , g 2 3 ǫ , and a 1 , a 2 , a 3 using Lemma 4.3. Then we take
where f is a piecewise linear function whose support is [ 2ǫ 3 , 1] and which has the value 1 on [ǫ, 1].
Theorem 4.5. Let G be a finite group and A be a separable unital C * -algebra. Suppose that α : G A has the generalized tracial Rokhlin property. Then for any nonzero positive element x ∈ A ∞ there exist mutually orthogonal positive contractions e g 's in A ∞ ∩ A ′ such that (1) α ∞,g (e h ) = e gh for all g, h ∈ G, where α ∞ : G A ∞ is the induced action,
Proof. Take a positive element x( = 0) in A ∞ . Then we can represent it as a sequence (x n ) n ∈ l ∞ (A) where x n 's are nonzero positive elements in A and uniformly away from zero. Since A is separable, we can also take an increasing sequence of finite sets F 1 ⊂ F 2 ⊂ · · · so that ∪ n F n = A. Then for each n there exist e g,n 's which are mutually orthogonal positive contractions such that (1) α g (e h,n ) − e gh,n ≤ 1 n , for all g, h ∈ G, (2) e g,n a − ae g,n ≤ 1 n , for all g ∈ G, a ∈ F n , (3) 1 − g∈G e g,n x n . Now we take e g = [(e g,n ) n ]. Then it is easily shown that e g 's are mutually orthogonal positive contractions in A ∞ ∩ A ′ and α ∞,g (e h ) = e gh . Also for a fixed ǫ > 0 there exists r n ∈ A such that r n x n r * n − (1 − g∈G e g,n ) < ǫ for each n. Now let r = [(r n ) n ] ∈ A ∞ (note that the fact (x n ) n is uniformly away from zero implies that (r n ) n is bounded.) Then it follows that rxr * − (1 − g∈G e g ) < ǫ.
Let C(G) be the algebra of complex valued continuous functions on G and σ : G C(G) the canonical translation action. Theorem 4.6. Let G be a finite group and A a separable unital C * -algebra. Suppose that α : G A has the generalized tracial Rokhlin property. Then for every nonzero positive element x in A ∞ there exists a * -equivariant order zero map φ from (C(G), σ)
Proof. By Theorem 4.5, for any nonzero positive x ∈ A ∞ we can take mutually orthogonal positive contractions e g 's in A ∞ ∩ A ′ such that 1 − e g
x. Then we define φ(f ) = g f (g)e g for f ∈ C(G). It follows that it is an order zero map and 1 − φ(1 C(G) ) = 1 − g e g x . Using the condition (1) in Theorem 4.5, it is easily shown that φ is equivariant. Proof. (A ∞ ⊗ A, α ∞ ⊗ α) can be identified with (A ∞ , α ∞ ) by the map sending a ⊗ x to ax. Then we can easily show that φ ⊗ id A is the equivariant tracial approximate inverse for every positive nonzero z in A ∞ .
Then we prove that A⋊ α G inherits the interesting approximation properties from A when a finite group action of G has the generalized tracial Rokhlin property through the notion of tracially sequentially-splitness by order zero map as one of our main results. We denote by φ ⋊ G a natural extension of an equivariant map φ :
It is a simple observation that φ ⋊ G becomes an order zero map whenever φ is so. In the following, we denote u : G → U(A ⋊ α G) as the implementing unitary representation for the action α so that we write an element of A ⋊ α G as g∈G a g u g . The embedding of A into A ⋊ α G is a → au e . 
Proof. Take a nonzero positive element z in (A ⋊ α G) ∞ . Since α : G A is outer by [9, Proposition 5.3], Lemma 4.8 implies that we can have a nonzero positive element x in A ∞ such that x z. By Theorem 4.6 there is an equivarinat order zero map φ : C(G) → A ∞ such that 1 A∞ − φ(1 C(G) ) x z. Consider the following diagram depending on z
By applying the crossed product functor, we obtain 
(C(G) ⊗A) ⋊ σ⊗α G does share the same structural property with A. And by Theorem 4.9 the * -homomorphism
is tracially sequentially-split by order zero map. Therefore the conclusions follow from Theorem 3.4, Theorem 3.6, Theorem 3.8.
Another important example of a * -homomorphism which is tracially sequentiallysplit by order zero map is provided by an inclusion of unital C * -algebras of index-finite type with the generalized tracial Rokhlin property. We briefly recall the definition and related properties of an inclusion of unital C * -algebras of index-finite type from [27] . (Watatani) . Let P ⊂ A be an inclusion of unital C * -algebras and E : A → P be a conditional expectation. Then we way that E has a quasi-basis if there exist elements u k , v k for k = 1, . . . , n such that
In this case, we define the Watatani index of E as
In other words, we say that E has a finite index if there exist a quasi-basis.
It is known that a quasi-basis can be chosen as {(u 1 , u * 1 ), . . . , (u n , u * n )} so that Index E is a nonzero positive element in A commuting with A [27] . Thus if A is simple, it is a nonzero positive scalar.
Definition 4.12. [12, Definition 3.2] Let P ⊂ A be an inclusion of unital C * -algebras such that a conditional expectation E : A → P has a finite index. We say that E has the generalized tracial Rohklin property if for every nonzero positive element z ∈ A ∞ there is a nonzero positivie contraction e ∈ A ∞ ∩ A ′ such that (1) (Index E)e 1/2 e P e 1/2 = e,
A ∋ x → xe ∈ A ∞ is injective. We call e satisfying (1) and (2) a Rokhlin contraction.
As we notice, the third condition is automatically satisfied when A is simple. A typical example of an inclusion of unital C * -algebras of index-finite type arises from a finite group action α of G on a unital C * -algebra A; let A α be the fixed point algebra, then the conditional expectation
is of index-finite type if the action α : G A is free [27] . Moreover, the following observation was obtained by us in [12] . We note that in this case A α is strongly Morita equivalent to A ⋊ α G, thus if an approximation property is preserved by the strong Morita equivalence, and if the embedding A α ֒→ A is tracially sequentially-split by order zero map, then such an approximation property can be transferred to A ⋊ α G from A. Thus we need to observe that if an inclusion P ⊂ A of index-finite type has the generalized tracial Rokhlin property, the the embedding P ֒→ A is tracially sequentially-split by order zero map. . Then there exists a nonzero positive contraction e ∈ A ∞ ∩ A ′ such that (Index E)E ∞ (e) = g ∈ P ∞ ∩ P ′ and 1 − g f zf in A ∞ . We apply Lemma 4.14 to 1 − g, z, f to conclude 1 − g z in P ∞ . Now we define a map β : A → P ∞ by β(a) := (Index E)E ∞ (ae) for a ∈ A. Note that β(p) = (Index E)E ∞ (pe) = pg and 1 − β(1) = 1 − g z. It follows from [12, Proposition 3.10] that β is an order zero map. Corollary 4.16. Let P ⊂ A be an inclusion of separable unital C * -algebras and assume that a conditional expectation E : A → P has the generalized tracial Rohklin property. If A satisfies one of the following properties, then P does too.
(1) simple, (2) simple and Z-absorbing provided that A is nuclear, Proof. Note that the stable rank of A is one by [24, Theorem 6.7]. By Corollary 4.10, A ⋊ α G is simple and stably finite, and absorbs the Jiang-Su algebra Z. Then again by [24, Theorem 6.7] tsr(A ⋊ α G) = 1.
We can prove a similar result with a slightly weaker assumption than finiteness. To justify it, we provide a lemma which might be well known to experts. Lemma 4.18. Let A be a unital simple C * -algebra with tsr A < ∞. Then A is stably finite.
Proof. Suppose that A is not stably finite. Then for some n M n (A) is infinite. Therefore there are two proper projections p and q in M n (A) such that p ∼ q ∼ 1 where ∼ stands for Murray-von Neumann equivalence. Then by [25, Proposition 6.5] tsr(M n (A)) = ∞. Thus tsr(A) = ∞ which contradicts the assumption. Theorem 4.19. Let P ⊂ A be an inclusion of unital C * -algebras of index-finite type with the generalized tracial Rokhlin property. Suppose that A is an infinite dimensional simple C * -algebra with tsr A < ∞ and Z-absorbing.
Proof. By Corollary 4.16, P is also stably finite simple and Z-absorbing. Then tsr(P ) = 1 by [24, Theorem 6.7].
Though we can prove the permanence of stable rank one under an additional condition that Z-absorption, what we hope to prove is the following; Question 4.20. Given φ : A → B a tracially sequentially-split * -homomorphism by order zero map we assume that B is a simple unital finite separable C * -algebra of stable rank one. Then is it true that A has stable rank one?
We believe that the above statement would be true if the following question is true; Question 4.21. Let G be a finite group, A be a unital separable finite simple C *algebra, and α be an action of G on A with the generalized tracial Rokhlin property in the sense of Hirshberg and Orovitz. Assume that tsr(A) = 1. Then, is it true that tsr(A ⋊ α G) = 1 ?
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